Abstract. This paper provides some explicit formulas related to addition theorems for elliptic integrals x 0 dt/R(t), where R(t) is the square root from a polynomial of degree 4. These integrals are related to complex elliptic genera and are motivated by Euler's addition theorem for elliptic integrals of the first kind.
Introduction and statements
Addition theorems arise in different situations. For instance the circular sine function has the formula (1. 1) sin(u + v) = sin u 1 − sin 2 v + sin v 1 − sin 2 u.
Such equation offers a means of determining the value of the function for the sum of two quantities as arguments, when the values of the function for each argument is known.
The Jacobi elliptic sine is the elliptic version of the circular sine. In traditional notation, sn(u) is the inversion of the elliptic integral of the first kind
where k is some parameter called modulus. The function f (u) = sn(u) satisfies Euler's addition theorem
, where R(u) = (1 − u 2 )(1 − k 2 u 2 ).
Let us rewrite (1.1) and (1.2) in the form
, f (0) = 0, f ′ (0) = 1. (1.
3)
The further solutions of (1.3) are as follows.
The hyperbolic modular sine SN (u) (see [8] ) is defined by
.
Let Q[δ, ǫ] be a polynomial algebra on two variables over rational numbers Q. The exponent series of the Ochanine elliptic genus f = exp(φ Oc ) over Q[δ, ǫ] is defined as the inversion of the elliptic integral (1.4) x 0 dt (1 + δt 2 + ǫt 4 .
Let f 0 (u) = 1/Φ(u), where Φ(u) = Φ(u, α) is the simplest Baker-Akhiezer function. One has the addition formula [10] (1.5)
For other interesting examples see [4] , [7] . From now on all the series under consideration are over some Q-algebra.
We are interested in universal example of the seriee f (u) such that f (0) = 0, f ′ (0) = 1 and such that f has an addition theorem of the form
for some series ξ 1 (u) and ξ 2 (u) such that ξ 1 (0) = ξ 2 (0) = 1. 
There is a universal example f (u) satisfying (1.6), the inversion of
ii) The series ξ 1 and ξ 2 in (1.6) are determined by
Note that all series in Theorem 1.1 are defined in terms of R(x). Theorem 1.1 leads to the following Corollary 1.2. Let f (u) be a formal power series over a Q-algebra such that f (0) = 0, f ′ (0) = 1. Then f has an addition theorem of the form (1.6) if and only if it satisfies one of the following properties i) f is the inversion of
or equivalently f is a solution of f ′ = B(f ), for some series B(u) of the form (1.9).
ii) The series
where S is the generic monic polynomial of degree 4:
All series in the addition theorem (1.6) are determined by (1.9), (1.10), (1.12) and (1.13).
We also derive from Theorem 1.1 the addition formula for SN (u) which is defined again by inversion of the elliptic integral (1.14)
where R is as in (1.7). The function SN is the exponent series of a genus ψ introduced in [12] . The proof of Theorem 1.1 is based on the observation that the series ν = x R(x) is the strict isomorphism from the formal group law corresponding to (1.14) to the formal group law corresponding to (1.11) . This fact leads to the following
be the series as in Theorem 1.1. Then
where G(x, y) is determined by
Corollary 1.4. One has the following addition formula for SN (x)
preliminaries
It is convenient to give proofs of our results in terms of formal group laws. We give here the necessary definitions and facts. We refer the reader to [6] as the detailed survey in the subject.
A formal group law over a commutative ring with unit R is a formal power series
Let F and G be formal group laws. A homomorphism from G to F is a power series
with constant term 0 such that
It is an isomorphism if ν ′ (0) (the coefficient at x) is a unit in R, and a strict isomorphism if the coefficient at x is 1.
If F is a formal group law over a commutative Q-algebra R, then it is strictly isomorphic to the additive formal group law x + y. In other words, there is a strict isomorphism l(x) from F to the additive formal group law. The series l(x) is called the logarithm of F , so we have
We will often use the following consequence of definitions above: If ν(x) is a strict isomorphism from the formal group law G to F , then
There is a ring L, called the universal Lazard ring, and a universal formal group law F (x, y) = a ij x i y j defined over L. This means that for any formal group law G over any commutative ring with unit R there is a unique ring homomorphism r : L → R such that G(x, y) = r(a ij )x i y j . The formal group law of geometric cobordism was introduced in [13] . Following Quillen we will identify it with the universal Lazard formal group law as it is proved in [14] that the coefficient ring of complex cobordism MU
is naturally isomorphic as a graded ring to the universal Lazard ring.
The coefficients of the formal group law of geometric cobordisms F U and its logarithm may be described geometrically by the following results.
Theorem (Buchstaber [5] ).
where CP r are the complex projective spaces, H ij (0 ≤ i ≤ j) are Milnor hypersurfaces and
Theorem (Mishchenko, see [13] ). The logarithm of the formal group law of geometric cobordisms is given by the series
The addition formula (1.2) corresponds to Euler's addition formula for the elliptic integrals of the first kind
where
is the Euler formal group law. In terms of the logarithm of the formal group law this means log T (x) + log T (y) = log T (T (x, y)) or equivalently T (x, y) = exp T (log T (x) + log T (y)).
The following two ideas come naturally in mind.
First: one can replace (1 − x 2 )(1 − k 2 x 2 ) by more general expression (1.7) and consider the corresponding formal group law G(x, y) with logarithm
specializing to the elliptic integral of the first kind. This is done in [12] .
Second: one can consider the universal example of the formal group law of the form
, also specializing to the Euler formal group law T for A(x) = 1 and B(x) = R(x). In [9] , Höhn considers the general four variable elliptic genus determined by the following property: if one denotes by f = f KH the exponent of the corresponding formal group F KH , then the series
where S is the generic monic polynomial of degree 4,
The formal group law F KH is called the universal Krichever-Höhn formal group law [12] .
We use the observation that these two formal groups G and F = F KH are connected by an explicit isomorphism. In particular Lemma 2.1. The series x R(x) is the strict isomorphism from G to F KH . The proof uses the arguments of the proof of Theorem 1.1 in [3] .
We shall need some results of [1] , [2] and we collect them together in the following. Lemma 2.2. Let F be the universal Buchstaber formal group law, the universal example among the formal group laws of the form
, B ′ (0) = 0 and let φ : MU * → Λ its classifying map. Then i) F coincides with universal Nadiradze formal group law, the universal formal group law whose
In other words F is universal among the formal groups with logarithm
, B(t) = 1/φ(CP(t)), or equivalently, with the exponent f satisfying
and b 1 , b 2 are the coefficients of B(
We recall here how the universal Nadiradze formal group F N is constructed [2] . Let F U be the universal formal group law over MU * . Define the series
Now kill all A i,j , with i, j ≥ 3. Then the Nadiradze formal group law is classified by the quotient map 
Proofs
Proof of Theorem 2.3. It is well known (see for example [2] ) that for the coefficient ring Λ of the universal Buchstaber formal group law
therefore it suffices to consider the formal group laws over
Let l be the logarithmic series of the formal group law G in Lemma 2.1 and let j(x) = 1/l ′ . Lemma 2.1 says that for a formal group law F , the condition of Höhn (2.
3) is satisfied if and only if j(x)
2 is a polynomial of degree 4.
Let φ be the classifying map of a Buchstaber formal group law and let
By Lemma 2.2 i) necessarily we have
so that we obtain
It follows that
for some constant c.
so that the series C(x) satisfies the differential equation
for some constant k.
Let us now substitute in this equation ν(x) in the place of x, where ν(x) is inversion of xC(x), i. e. ν(x)C(ν(x)) = x, so that
We then obtain that ν(x) satisfies the differential equation
Next let us consider
, l = log G mentioned above.
By the strict isomorphism we have l(x) = g(ν(x)). Hence
and taking into account
Thus for the series j we obtain the differential equation
Then further substituting j(x) = p(x) we obtain
and it is easy to see that the general solution of this equation is a fourth degree polynomial. Conversely, to prove that F KH is a Buchstaber formal group law we apply Lemma 2.1 again. For l = log G we have
Therefore differentiating the inverse function we get
By Lemma 2.2 i) the corresponding formal group law is the Buchstaber formal group law over
classified by the obvious inclusion Λ → Λ ⊗ Q and the series A(x) can be calculated by Lemma 2.2 ii).
Proof of Theorem 1.1. i): Let l G and l KH be the logarithms of the formal group laws G and F KH respectively in Lemma 2.1. Then because of the strict isomorphism of Lemma 2.
. By definition (2.1) of l G we have (1.9) and i) for l KH . However the latter coincides with the logarithm of the universal Bucshtaber formal group law by Theorem 2.3. Therefore the universal example of f (u), the exponent of the universal Buchstaber formal group law satisfies i).
ii): (1.13) is just a differentiation of the inverse function in i). For (1.12) we first prove (1.10). By lemma 2.2 ii) (Proposition 2 in [2] )
So with coefficients in a
Therefore it suffices to see (3.1)
By Lemma 2.2 i) and Theorem 2.3
Then there is a formula of [3] for calculating the values of φ = φ KH on [CP i ], the generators of MU * ⊗ Q. In particular
This proves (1.10).
(1.12): We have ξ 1 (u) = A(f (u)).
Then by (1.13) we have
Corollary 1.2 follows directly from Theorem 1.1 but only for ii) we need Theorem 2.3. Here are some comments Buchstaber's formal group law F is of the form (3). Hence
Thus f has an addition theorem of the required form and
Let f (u) be a series over any Q-algebra, if it satisfies the addition theorem (1.6) and log = f −1 , then the corresponding formal group law is as follows
By its form F is a Buchstaber formal group law.
3.1. Proof of Theorem 1.3. By Lemma 2.1 one has
Then (1.9) and µ = ν −1 imply
By (1.10) we have
To simplify the expressions I, II and III let us take into account
First, we have and so G(x, y) has the required form.
Finally, as usual, the formal group law G gives the addition formula for its exponent
and Corollary 1.4 follows.
